Abstract. In order to estimate the dissipation time-scale in magnetic turbulence in the plasma sheet a novel method is introduced for classification of velocity dependent patterns of two-point probability density functions' shapes near their maxima. For the first time, we provide evidence for Reynolds number (velocity) dependent widening of the inertial range in the plasma sheet. Since spectral widening of the inertial range is a generic feature of many turbulent flows, its examination can facilitate the recognition of intermittent turbulence in the plasma sheet.
Introduction
High-speed plasma flows called bursty bulk flows (BBFs) play a key role in the flux and energy transport in the magnetotail (Baumjohann et al., 1990; Angelopoulos et al., 1992; Schödel et al., 2001) . Among other things, BBFs are the potential sources of multi-scale intermittent turbulence in the plasma sheet (Borovsky et al., 1997; Angelopoulos et al., 1999) . Unlike the corroborated importance of turbulence in the solar wind (e.g. Tu and Marsch, 1995; Bruno et al., 2004; Horbury and Balogh, 2001) , however, charcteristics and physical consequences of the bulk flow associated plasma sheet turbulence are still under debate (Borovsky et al., 1997; Greco et al., 2000; Neagu et al., 2002; Borovsky and Funsten, 2003; Volwerk et al., 2003 Volwerk et al., , 2004 Klimas et al., 2004; Vörös et al., 2003 Vörös et al., , 2004b Weygand et al., 2005) . Non-steady and transitory features of BBFs and the associated motion of boundaries make difficult to accomplish a thorough statistical analysis of fluctuations (Vörös et al., 2004a) . Therefore the linkage between the observed features of plasma sheet turbulence and the current understanding of turbulent flows
Correspondence to: Z. Vörös (zoltan.voeroes@oeaw.ac.at) and their generic physical consequences is weak. In fact, the majority of rapid flows stays uninteruptedly at high-speed levels for only a few seconds. Neither the typically observed groups of high-speed intermittent flows last longer than some minutes (Baumjohann et al., 1990) . Since plasma velocity measurements are typically available with time resolution of ∼4 s any relevant velocity-based statistical approach is hamstringed from the very beginning.
Phenomenological models of fluid turbulence, however, are based on velocity statistics. The turbulent energy flux in wavenumber space is also expressed in terms of velocity moments (Frisch, 1995) . Following Kolmogorov phenomenology, velocity fluctuations in fluids are associated to different wavenumber ranges or scales ranging from the largest, energy-containing bulk flow scales to the smallest scales where substantial part of the flow energy is dissipated. For large enough Reynolds numbers the energy containing scales and the dissipation scales are clearly separated with a self-similar inertial range in between, where dissipation is supposed to be negligible and energy cascades towards large wavenumbers governed by nonlinear interactions. The width of the inertial subrange increases as the Reynolds number increases, which means that the energy containing large scales are separated further from the small scales (Saddoughi and Veeravalli, 1994; Frisch, 1995) . The main goal of this paper is to check the Reynolds number dependence of properly defined small scales in the plasma sheet turbulence. The widening of the inertial subrange and the occurrence of multi-scale couplings may provide substantial evidence that the observed fluctuations are associated with turbulence rather than with waves. In the latter case spectral transfer of energy is absent and each timescale depends only on a few nearby wavenumbers (e.g. Oughton, 2003) .
MHD turbulence in the plasma sheet is more complex than the outlined cascade picture would suggest. For example dissipation can be significant even within the inertial range of scales (Borovsky and Funsten, 2003) or direct interaction between large and small scales is possible without developing into a full cascade (Chang, 1999; Consolini and Chang, 2001) . One might still expect changes in the character of cross-scale coupling, a shift of the dissipation scale or a properly defined small-scale, when the Reynolds number or the magnetic Reynolds number increases.
Different types of Reynolds numbers can be derived for the flows in the plasma sheet (Borovsky and Funsten, 2003) corresponding to different aspects of turbulent flows. In this paper we will not estimate the actual value of the Reynolds number in the plasma sheet, but, making a number of simplifications, only its relative changes will be considered. The flow Reynolds number we will consider is a dimensionless number R=V L/ν, where V is the average flow velocity, L is the typical large spatial scale of the flow and ν is the kinematic viscosity. We suppose that, in the plasma sheet within the distances X GSM ∈ (−14, −20)R E the viscous forces are not changing substantially. The width of the flow channel, which represents the typical large-scale of the flow in the expression of the Reynolds number, was estimated on the basis of statistical analysis of Cluster spacecraft multipoint measurements by Nakamura et al. (2004) . It was shown that the full width of the flow channel is 2-3 R E in the "dawndusk" direction and 1.5-2 R E in the north-south direction. The largest variations occur in the bulk flow velocity which can change from tens of km/s to more than 1000 km/s in the plasma sheet. Therefore, we consider L/ν∼ const. and suppose that for increasing bulk velocities a widening of the inertial subrange can be expected. Consequently, instead of analysing the Reynolds number dependence of turbulent small scales, we can investigate their bulk velocity dependence. In fact, high velocity flow associated widening of the inertial range towards small scales in magnetic turbulence was observed by Vörös et al. (2004b) and Volwerk et al. (2004) . Nevertheless, the actual bulk velocity dependence of small-scale turbulence was not investigated.
In this paper we present detailed analysis of the distinct multi-scale properties of two-point probability density function (PDF). We will explore the small-scale behaviour of magnetic fluctuations in response to the changes in largescale bulk flows. The reason for using PDFs rather than spectral or wavelet methods for studying the small scales is simple. Spectral methods are affected by multiplicative bias (Vörös et al., 2004b) while wavelet methods are much more time consuming than the time-domain estimation of PDFs.
Data sets and methods
In order to study the bulk velocity (Reynolds number) dependence of small-scale magnetic fluctuations in plasma sheet turbulence we analyse 67 Hz resolution magnetic data from the Cluster fluxgate magnetometer (FGM) ) and the spin-resolution (∼ 4s) velocity data from the Cluster Ion Spectrometry (CIS/CODIF) experiment (Rème et al., 2001) . The selected intervals are from 2001, when the Cluster spacecraft were within the GSM coordinates X GSM ∈ (−14, −20)R E and Y GSM ∈(−10, 10)R E . Moreover, we require |B X |≤20 nT to ensure all data are taken from or close to the plasma sheet.
Burst mode magnetic field data from the Cluster spacecraft allow a wide statistical analysis and an immersion into scales or frequency ranges which are not available in velocity measurements during the short intervals of intermittent flows. As for the problem of missing small-scale velocity statistics, we note that a complete characterization of MHD turbulence requires not only the statistical description of the velocity field but also a statistical study of other measurable quantities, e.g. magnetic field, density or temperature fluctuations. So the analysis of magnetic field statistics is reasonable by its own. Nevertheless, magnetic field fluctuations can be used as a proxy for velocity statistics. Actually, it was shown by Bershadskii and Sreenivasan (2004) that the statistical scaling properites of the magnitude of the magnetic field in MHD flows resemble, in the inertial range, the scaling properties of passive scalars.
In this paper we will use a non-parametric method for the estimation of PDFs from magnetic data. The widely used histogram method estimates PDFs directly from time series (X(t i ), i=1, ..., n), splitting the range of the data into equalsized bins of width 2h (±h vicinity of a bin's center). Then the number of data points falling into each bin is counted and divided by the total number of observations n. In a more compact form the estimator of the density can be written as (Silverman, 1986) 
where the weight function (rectangular window) w is defined through
It implies summing up "boxes" of width 2h and height (2nh) −1 , instead of counting the observations X(t i ). The rectangular weight function, however, yields discontinous estimations. Therefore in this paper we will use the so-called kernel method (Silverman, 1986) , which provides smoother estimations of the PDFs than the histogram method. The only difference is that now, w=K, and K is not a rectangular window, but a a smooth symmetric PDF, in this paper the normal density. It satisfies the condition
. Instead of non-smooth "boxes", smooth "bumps" centered at the observations are summed up. The kernel function K determines the shape of the bumps, while h determines their widths.
Our goal is to analyse the scale evolution of PDFs. Therefore, it is essential to check the robustness of estimations against h and n. In the following, we introduce multi-scale PDFs in the plasma sheet and perform the necessary tests for robustness of PDF estimations using a long enough interval of magnetic data. Then, for properly chosen h and n, we analyse the scale-dependence of the shape of PDFs. 3 Scale-dependent probability density functions Unlike power spectra, multi-point PDFs can reveal statistical intermittency of fluctuations in turbulence. This manifests itself in the increased probability of large non-gaussian deviations and letokurtic shape of distributions. Intermittency and the departure from Gaussianity is stronger at small spatial or temporal scales, while largely separated uncorrelated points exhibit two-point PDFs close to the normal distribution. In order to demonstrate the evolution of PDFs over scales we chose the interval from 01:36 to 02:24 UT on 27 August, 2001. The magnetic (B X ) and velocity (V ) data from s/c 3 are depicted in Figs. 1a and 1b. Figure 2 shows the multiscale behaviour of the amplitude of magnetic fluctuations. The "time scale" τ is introduced through differentiation
where B is the magnitude of the magnetic field and PDFs (P (δB, τ ), Eq. 1) corresponding to the time delays τ =0.03−1000 s are shown in Fig. 2 . In this way, as usual in space physics applications (e.g. Sorriso-Valvo et al., 1999) , time series obtained from a single spacecraft are used for mapping the spatial structure of turbulence. Whenever the spatial fluctuations on a scale l pass over the spacecraft faster than they typically evolve in time, this approach can be used. One can find a more profound discussion of the problem of spatial versus time scales in Borovsky et al. (1997) ; Borovsky and Funsten (2003) ; Vörös et al. (2004b) . Since instead of spatial structures time-shifted structures will be considered throughout the paper, the inertial range or the dissipation range of scales will denote the corresponding time scales hereinafter. Specifically, the inertial range of scales will correspond to the range of scales over which self-similar multiscale fluctuations in frequency or wavelet-scale domain are present (not shown). The dissipation time-scale, τ d , will refer to a τ , where self-similarity is broken and multi-scale fluctuations stop. In terms of statistical physics, small-scale intermittency emerges as a consequence of the underlying non-extensivity and nonlinearity in space plasma turbulence (Leubner and Vörös, 2005a,b) , therefore the corresponding statistical moments, e.g. the peakedness or kurtosis of PDFs are also dependent on the Reynolds number or bulk velocity (e.g. Porta et al., 2001) . When the time series are too short, however, finite size effects might lead to divergence of high-order moments (e.g. Vörös et al., 2004a) , circumventing any reliable estimation of large deviation statistics which characterizes the tails of PDFs. In principle, for processes exhibiting selfsimilarity, any point on the PDF curves can be used for the analysis of the scaling features of fluctuations. Since the central part of a distribution is statistically the most accurate part, one can analyse the scale dependence of PDFs, P (δB, τ ) max .
Because of the finite accuracy of magnetic field measurements the peaks of distributions (P (δB, τ ) max ) may not be an optimal choice. Therefore points near P (δB, τ ) max are recommended for use in statistical analysis (Hnat et al., 2002) . A powerful test for self-similarity consists of rescaling the multi-scale PDFs on the basis of a power-law
determined directly from the raw PDFs (e.g. Sornette, 2000) . Here α is the scaling index which can be used for rescaling the raw PDFs. In the solar wind, the power-law in Eq. (3) and prevailing self-similarity can be robustly observed e.g. in case of the magnetic energy density or the Poynting flux, whilst the fluctuations of the bulk speed and the magnitude of magnetic field exhibit multifractality (Hnat et al., 2002 (Hnat et al., , 2003 . We will show that the short (6 min) slow-flow associated intervals in the plasma sheet exhibit a power-law scaling within the scale-range of magnetometer noise. Therefore, the above-mentioned rescaling technique cannot be used for straightforward analysis of self-similar turbulence in our case. But still, one can find particular velocity-dependent patterns in the double-logarithmic plot of P (δB, τ ) versus τ which can be regarded as specific signatures of small-scale turbulent fluctuations (see later). Therefore, our interest is not in PDF rescaling techniques, but in identifying multiscale patterns of P (δB, τ ). Figure 3 shows the double logarithmic plots of P (δB, τ ) versus τ for the magnitude of the magnetic field (B X is depicted in Fig. 1a ). Here and hereinafter in similar plots we consider time scales τ from 1/67 s to 25 s with a step of 1/67 s. The multi-scale evolution of a point next to the maxima of PDFs is followed. The number of data points is fixed to 200 000 but the window width h is changed from 0.025 to 0.5. When h is chosen too small (h=0.025 in our case) spurious fine structures and fluctuations appear. If h is too large (h≥0.2) then the fine structure between the scales log 10 τ ∈(−0.5, 1.5) is entirely obscured. It is very important to notice that for h≤0.1 all the curves obtained from magnetic PDFs are nearly coincident in Fig. 3 . For further analysis h=0.05 is chosen. Figure 4 shows the dependence of P (δB, τ ) on the number of data points n.
Always the first n=12 500, 25 000, 50 000, ..., 200 000 points are used from the magnetic data, whilst h=0.05 is fixed. The curves exhibit large fluctuations particularly for the shortest intervals with n=12 500, 25 000 at the largest time scales log 10 τ ≥0. Besides that, different patterns appear in the double logarithmic plots of P (δB, τ ) versus τ because of the large velocity variations (from 50 and 1000 km/s in Fig. 1b) during the analysed intervals. It is also the sign of the expected velocity dependence of PDFs shapes, mentioned above. Consequently, the robustness of the estimations against n should be tested for intervals with small changes in large-scale bulk velocity. As it was mentioned, however, high-speed flows last not longer than a few minutes. Nonetheless, one can find longer steady intervals of low-speed flows. Figure 5 shows the dependence of P (δB, τ ) on the number of data points n for a 25 min long steady interval on 7 September 2001, from 18:18 to 18:43 UT (not shown), s/c 3, when the plasma velocity was V =42±8 km/s. The number of data points does not influence the shape of the curves. Only the largest time scales (>10 s) show different behaviour for the longest interval (100 000 points ∼25 min) which is a consequence of nonstationarity of the magnetic field (not shown). The largest fluctuations occur for the shortest interval of 12 500 points (∼3 min). Therefore the choice to analyse 6 min long intervals of magnetic data seems to be a reasonable trade-off between the precision and the required steadiness of flows.
It is easy to interpret the emerging patterns visible in Fig. 5 . The peaks at the time scales larger than 1 s, up to 24 s, are harmonics appearing due to the modulation of the time series δB (Eq. 1) by the spin-tone (4 s). The scaling region with the scaling index α∼0.17 in Eq. (3) is the property of magnetometer noise, profoundly analysed in Vörös et al. (2004b) . The breaking of that scaling at about 0.1 s comes from the finite accuracy and resolution of magnetic measurements influenced also by the window width h.
Though the first 2 s peak and its multiples can be occassionally suppressed because of the changing angle between the magnetic field and the spacecraft spin axis, whenever the plasma flow velocity in the plasma sheet is below a threshold (a few tens of km/s) the basic pattern presented in Fig. 5 is repeatedly observed. It indicates that in such cases, at least over the range of time scales from 2/67 s to 25 s, cascades or any other types of multi-scale coupling are not present. Therefore, in what follows, we will refer to the basic pattern in Fig. 5 as to a "non-flow" pattern.
More patterns
Our goal is to investigate how the presence of a rapid flow and a turbulent cascade can influence the basic non-flow pat- From now on we select 6 min long intervals for further study. It is approximately the time-scale of the typically observed groups of high-speed intermittent flows. We select quasi-stationary intervals whilst the mean bulk velocity computed from sequential spin resolution data is reasonably stable. Each interval contain 24 120 data points from magnetic field and 90 data points from plasma velocity measurements. Figure 6 shows such a case where τ d ∼5s and over the scales τ >5 s all the spin-tone harmonics disappear, while for the scales τ <5 s the pattern is the same as in Fig. 5 . The relationship P (δB, τ ) versus τ in Fig. 6 was estimated for the 6 min long interval from 19:15 to 19:21 UT on 7 September 2001, s/c 3, when the plasma velocity was V =70±20 km/s. The four curves in Fig. 6 reflect the scale dependence of four successive points on the positive part of the PDF curve (δB>0) next to its maximum. Skewness is neglected, PDFs are supposed to be symmetric. The density is estimated at 80 equally-spaced points covering the range of the data set. The maxima of the PDFs were always at or near the center of the data range. A simple method of finding τ d is to compute the crosscorrelation between the four curves and the so-called pvalues for testing the hypothesis of no correlation. Near the 2 s and 4 s peaks each pair of the curves (altogether 6 pairs) is highly correlated (p<0.05) whereas at the scales τ >τ d the correlation is lost (p 0.05). From the 6 pairs of crosscorrelated curves we found τ d =5±1 s. This method for finding the dissipation time-scale can be used when τ d ≥2 s and the disappearance of the spin-tone harmonics indicates the presence of low-speed flow associated multi-scale fluctuations.
In case of high-speed flows usually τ d <2 s is found (see later) and the emerging patterns in P (δB, τ ) are the result of the interaction of bulk flow associated multi-scale fluctuations and magnetometer noise (basic non-flow pattern in Fig. 5 ). Within this range of time scales spin-tone harmonics are not present. Yet, using a similar model as in Vörös et al. (2004b) the dissipation time-scale can be found also in this case. We generate a model consisting of an arbitrary artificial multi-scale signal (AMS) added to the magnetometer noise. AMS mimics certain properties of multi-scale turbulence. It is important to note that we are not interested in the exact scaling properties of AMS. We simply ask how the basic non-flow pattern in Fig. 5 changes when all the fluctuations in AMS, added to the magnetometer noise, are smoothed out below a time scale τ * d . In other words, at scales τ >τ * d multiscale fluctuations are present in AMS resembling the inertial range fluctuations. The "cascade" is artificially stopped at τ * d and there are only smooth variations at the scales τ <τ * d . As for AMS, a multifractal signal can be used, which is constructed on the basis of a recursive rule and is also well suited for modeling intermittency in the plasma sheet . Another possibility for AMS is to generate a synthetic fractal signal, e.g. a fractional Brownian motion (fBm) through a fast filter bank based pyramidal algorithm (Abry and Sellan, 1996). In both cases τ * d can be changed arbitrarily resulting in similar patterns which then can be compared to experimental patterns obtained from magnetic data. Since AMS can model turbulence only approximately, we only aim at understanding the qualitative changes in P (δB, τ ) when the model τ * d is altered. Figure 7a shows the case when a model fBm was added to the steady low-speed associated interval on 7 September 2001. The model τ * d was 9 s and P (δB, τ ) resembles the patterns in Fig. 6 . Again, over the scales larger than τ * d all the spin-tone harmonics cease, while for the scales smaller than τ * d the patterns are the same as in the case of noise in Fig. 5 . Figure 7b demonstrates the alteration of the model pattern for τ * d =0.4 s. The basic non-flow pattern from Fig. 5 , consisting of the noise scaling range and the spin-tone harmonics range is entirely absent. The scales larger than a few seconds (right hand part of Fig. 7b ) contain large fluctuations because of pure statistics. At the scales smaller than the model dissipation time-scale τ * d , all the curves show rapid power-law decrease. When the model τ * d increases (the cascade is stopped at a larger time scale) the rapidly decreasing power-law region widens towards large scales and vice versa (not shown).
On the basis of the model examples we expect that whenever the bulk velocity (or the Reynolds number) of the flow increases, the inertial range widens, the dissipation range reaches smaller time scales and its approximate value, τ d , can be estimated from the emerging patterns of P (δB, τ ).
The resemblance between a low-speed associated pattern (Fig. 6 ) and the corresponding model pattern with a dissipation time scale within the range of spin-tone harmonics (Fig. 7a) has already been shown. Let us demonstrate now the similarity between a high-speed flow pattern (Fig. 8) and the model pattern with artificial fluctuations stopped at the scale τ * d =0.4 s (Fig. 7b) . The curves in Fig. 8 correspond to the interval on 27 August 2001, from 01:35 to 01:41 UT when the bulk velocity was V =550±170 km/s at s/c3. The patterns in P (δB, τ ) obtained from magnetic data exhibit similar shapes as in the model case, large fluctuations at the largest scales and a sudden power-law decrease at the small scales. The dissipation time-scale can be estimated at the small scales when the curves suddenly start decreasing, following a power-law. It is a feature typically observed in cases of high-speed flow associated PDFs. τ d can be find as an instant when large departures are observed from the power-law fit. On this basis we found τ d =0.7±0.15 s. The errors are computed from the four curves only, yet they provide helpful insights about the stability of the PDF shape near its maximum.
Multi-scale coupling
In the previous section we identified multi-scale patterns of alterations of PDFs shapes corresponding to magnetic fluctuations during both low-speed and high-speed flows. In order to explore the bulk velocity dependence of the disspiation time-scale we select 6 min long intervals in the plasma sheet, during which the velocity fluctuations are much smaller than their mean value. We considered 3 longer intervals on 27 August 2001, between 01:35 and 02:25 UT, on 7 September 2001, between 19:00 and 20:30 UT and on 15 September 2001, between 03:30 and 04:10 UT, which contain several steady flow subintervals. Using burst mode magnetic and spin resolution velocity data from the s/c 1, 3, 4 spacecraft (there were no velocity measurements in s/c 2) we found 50, 6 min long subintervals which satisfied the selection criteria. 9 intervals were excluded from the data analysis, because of the lack of magnetic fluctuations over the examined range of scales or ambiguities in determination of the dissipation time-scale. For the remaining 41 events the mean value and the standard deviation were computed for the bulk veloc-ity V and the dissipation magnetic time-scale τ d . The large plot in Fig. 9 shows the result which can be approximated, within the range of values V ∈(30, 800) km/s, with powerlaw τ d =0.4+150 000V −2.6 . Rapid flows exhibit larger velocity fluctuations than slow flows, but the slow-flow associated events have larger uncertainities in τ d . The latter can be the result of an approximate mapping of spatial structures through Equation 2 during slow flows. We note that τ d changes substantially between V =50 and 200 km/s, then τ d reaches asymptotically ∼0.4 s. The smallest value in the analysed data set was τ d =0.1±0.05 s. The overlaying inset in Fig. 9 shows the range of τ d ∈(0, 2) enlarged.
Conclusions
Hydrodynamic or magnetohydrodynamic turbulent flows are rich of coherent structures and self-similar fluctuations arising in consequence of the redistribution of flow energy introduced typically at large (system) scales.
In this paper, for the first time, we found a quantitative relationship between the large-scale mean flow (quasi-steady bulk velocity during 6 min intervals) and the dissipation scale in the plasma sheet. The dissipation scale was estimated on the basis of a new technique which classifies the emerging patterns of PDFs near their maxima at different time scales. It was found that the dissipation scale is shifted towards smaller scales when the bulk velocity (flow Reynolds number) increases. This is a generic behaviour observed in many turbulent flows, which also substantiates previous conjectures that the observed multi-scale fluctuations in the plasma sheet, over the range from seconds to minutes, arise due to the strongly dissipative turbulence rather than waves or uncorrelated noise. Obviously, it does not exclude the possibility of simultaneous occurrence of turbulence, waves or noise over the same scale ranges in the plasma sheet.
It has already been noticed by Angelopoulos et al. (1999) that the magnetotail plasma is in a bi-modal state: highly intermittent during transport-efficient fast flows and nearly stagnant otherwise. We found that, during the 6 min long intervals, magnetic fluctuations and the associated patterns of PDFs, are velocity dependent and exceedingly different for high-speed and low-speed flows. During longer time intervals fast flows are embedded into low-speed or stagnant intervals. It also means that intermittency has a different meaning at different spatial and temporal scales. At the time scales from minutes down to a fraction of a second (dissipation time-scale) intermittency is related to the turbulence inside a flow channel (e.g. Vörös et al., 2003) . The largest time-scale is determined as the actual time of merging of the spacecraft into a channel, containing a turbulent flow. On the other side, time scales from minutes to hours can include several BBFs, separated by stagnant low-speed inter-flow intervals. Intermittency observed over these spatial and temporal scales can be related mainly to the impulsive driving mechanisms of BBFs, e.g. to the distant transient (Sergeev et al., 1987) any analysis or modeling of turbulence should necessarily reflect the scale-dependent diversity of physical processes in the plasma sheet.
